An expansion, to approximation order (kL)2, of the propagation matrix for electromagnetic waves is used to derive the magnetotelluric response when a randomly layered medium exists. We demonstrate the result for the case of a homogeneous half-space disturbed in its upper part by a randomly layered variation of the conductivity. The calculation of the relevant stochastic integrals also allows the determination of the statistical properties of the magnetotelluric response.
INTRODUCTION
The complexity of the conductivity structure of the Earths crust makes the study of electromagnetic-(EM-) wave propagation interesting because of the existence of a geoelectric environment with random variation of the Conductivity. The coupled space and time dependence of the electric, e(r, t ) . and magnetic, h(r, t ) , fields are described by Maxwell's equations, which lead to (Hohmann 1983) 
ah(r, t ) a -p ( 7 t = O ,
where an earth with conductivity a(r) has been assumed.
In the case of the random geoelectric environment, the conductivity a@) is supposed to vary stochastically in space with given statistical properties (i.e. as a random variable).
A random medium can be viewed as an ensemble of a multitude of heterogeneous media, cafled realizations, which differ from each other in the detailed structure of the fluctuation, but have some common statistical properties. In the random-medium approach one deals with statistical quantities of the medium and the relevant statistical quantities of the wavefield. In this paper we will consider the particular case in which a depends only on the z coordinate (layered medium). In this configuration, when normal incidence of an electromagnetic wave is considered, i.e. e(r, t)Va = 0, the propagation of an EM wave, in the frame of quasi-stationary approximation, is described by a diffusion type equation, Assuming exp(-iioit) time dependence, the wave in the frequency domain is described by the I-D Helmholtz equation (Kaufman & Keller 1981) ,
The present paper presents a theoretical study of the magnetotelluric field in the case of a randomly layered earth. It calculates, in the frame of a random-medium approach, the magnetotelluric (MT) response at the surface of a structure in which a layer of thickness L, with randomly varying conductivity, lies above a conductive basement, which has constant conductivity. The * Mailing address: 11 1 Homirou Street, Moschato 18345, Athens, Greece 0 1996 RAS calculation of the relevant stochastic integrals also allows the determination of the statistical properties of the magnetotelluric response.
THEORETICAL MODEL
For the range of frequencies involved in magnetotelluric measurements, the magnetic, H(w), and the electric, E(o), fields satisfy the quasi-stationary approximation (i.e. u >> WE) and Maxwell's equations in the frequency domain are expressed by:
V x E = i o p H
and
where w is the angular frequency and p the magnetic permeability, which is supposed to be that of a vacuum, po. Assuming that a = u(z), and introducing a generalized field vector, Y =(Ex, Hy)T (Berreman 1972; Twersky 1987) , the equation of EM wave propagation can be writtren in a matrix form:
where
iy].
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Introducing both the electric and magnetic field components in the propagation equation, we have the advantage that eq. (3) allows the expression of the boundary conditions at the interface, without explicitly involving the derivatives of the electric field a t the surface itself.
In a small region of thickness A, in which A(z) can be considered approximately constant, eq. (3) can be exactly solved as (Bronson 1973) 
where P(z, A) = exp(AA). Using the Cayley-Hamilton (CH) theorem (see Kahn 1990) , we arrive at where kZ = iopu(z). The latter expression can be used for the determination of the magnetotelluric response in the case of inhomogeneous media. Dividing the thickness of a layer into segments of lengths Al, A2, ... , An, over which the matrix A(z) does not vary appreciably, we obtain:
where F(L, 0) is a 2 x 2 propagation matrix that describes the propagation of the generalized field vector Y and depends on the conductivity structure between z = 0 and z = L. From the knowledge of the elements Fij (i,j = 1,2) of the matrix F(t, 0), and taking into account that at the top of the underlying half-space with conductivity a b we have Hy(L) = ( k b / o p ) Ex&), where k: = i w p b , a h e a r system of algebraic equations is obtained, from which the magnetotelluric response ( Z x y )
is calculated as
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In the previous section we showed that once the characteristic propagation matrix F(z, 0) of the random medium is known, the MT response can be easily obtained. The solution of eq. (3) can be formally expressed using the ordered exponential operator
DETERMINATION OF THE MT RESPONSE AT THE SURFACE OF A RANDOMLY
originally introduced by Feynman (1951) . The arrow indicates that the exponent is an infinite converged series. In order to approximate the ordered exponential operator we follow the so-called Magnus approximation (Magnus 1954 (Magnus, 1954) and expression (8b) actually leads to a function of W, satisfying eq. (8a). Using eq. (8b), the first terms, up to three integrations, lead to
We point out that expression (8c) is the continuous analogue of the Baker-Hausdorff formula (Baker 1904).
We proceed now to the calculation of F(L, 0) for a layer of thickness L with conductivity a(z) = cro + ((z), where a. represents the average conductivity of the layer and ((z) is a random, uncorrelated, zero-mean function of the z coordinate. We shall approximate eq. (8c). Writing explicitly the first commutators of the expansion of the ordered exponential (8c) we keep the first two terms. Therefore, to approximation order (kL),, i.e. when the penetration depth of the MT variation is greater than L, we obtain the following:
Using the CH theorem, the elements Fij of the matrix exponential of eq. (9) can be easily expressed as To demonstrate the calculation of the MT response, we assume a structure consisting of a layer of thickness L having random conductivity over a half-space with conductivity ab. In this configuration the MT response can be calculated by using eqs (7) and ( 10) as which, in the absence of random perturbations [i.e. <(z) = 01, coincides exactly with the well-known results for a homogeneous layer of thickness L overlying a half-space with conductivity oh (Kaufnian & Keller 1981) . We note that in keeping higher-order corrections in eq. (9), the resulting estimates for Z,,(z = 0) do not present any substantial difference with the values estimated using eq. (1 1).
The propagator matrix, F(L, 0), and consequently the M T response, can be calculated once the stochastic integrals S , ( L ) , S,(L) and S,(L) are known. For a given configuration ((2) of the stochastic fluctuation, these integrals can be obtained by numerical integration. However, in some particular cases, it is possible to derive useful information about the statistical properties of the MT response of the Earth through an analytical evaluation of the relevant stochastic integrals. For this purpose we will assume, in the following, that the stochastic perturbation ( ( z ) of the conductivity of the upper layer has a Gaussian probability distribution, with zero average and c2 standard deviation. Using the basic technique of Statonovich stochastic calculus (Gardiner 1985; Oksendal 1992; Srinivasan & Mehata 1988 ) it is not difficult to demonstrate that
where Y, and Y2 are two independent Gaussian stochastic variables, with zero average and standard deviation c2. We emphasize that eqs (12)- ( 14) should be interpreted in the sense that, given a series of independent realizations of <(z), the statistical distribution of the right-hand side and left-hand side of the equations are the same. Substitution of the corresponding terms in eq.
(1 1) allows us to write, for the probability distribution of Z,, ( z = 0),
It is common to represent the MT response with an apparent resistivity function p:, = ~Z x y~2 / ( w p ) and phase # x y of Z x y . The estimation of the probability distributions is based on a Monte Carlo extraction of 5000 independent couples ( F , Y,) of random Gaussian numbers. Figs 1 and 2 show some typical probability distributions of p:, and # x y , estimated using eq. (15), for the special case where c0 = = 1 S m-', for different periods (10 and 100 s) of M T variation (i.e. different penetration depths) and for different degrees of perturbation (i.e. different P'). An inspection of Figs 1 and 2 shows that the width of the probability distribution bell decreases with increasing period and also becomes less rough, indicating that the influence of the stochastic conductivity term in the probability distribution of the apparent resistivity and phase is stronger as the period of M T variation decreases. The latter, from the physical point of view, is straightforward, since with increasing period (i.e. skin depth) the influence of the upper randomly layered structure decreases, and the impedance is determined largely by the field in the underlying medium.
CONCLUSION
I n this paper we presented a theoretical approach to the problem of propagation of magnetotelluric variation in a randomly layered earth, and we used a model of a geoelectric structure in which there was an upper layer with a randomly varying conductivity. Our approach was based on the expansion to approximation order (kL), of the electromagnetic propagation matrix, according to the Magnus technique. In the framework of this approach it was possible to evaluate the statistical properties of the Fig. l(a) . with L = 500 rn, uo = ub = 1 S m -I , c2 = 0.2, and period of MT variation 100 s (see text).
0 1996 RAS, G J I 125, 577-583 dxv (degrees) Figure 2 . As in Fig. l(a) , with L = 500 m, (T, , = ub = 1 S m-', E~ = 0.1, and period of MT variation 10 s (see text). (b) As in Fig. l(b) , with L = 500 m, uo = ub = 1 S m-', 8' = 0.1, and period of MT variation 10 s (see text).
MT response Z,, (z = 0) (or, equivalently, the statistical properties of apparent resistivity and phase) of our layered geoelectric configuration, without explicitly solving the corresponding I-D Helmholtz equation. Furthermore, we pointed out that the extension of this method to the calculation of higher-order corrections to the present results is not expected to result in any substantial difference in the computed responses.
